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Abstract
Coset methods are used to construct the action describing the dynamics associated
with the spontaneous breaking of the Poincare´ symmetries of D dimensional space-
time due to the embedding of a p-brane with codimension N = D − p − 1. The
resulting world volume action is an ISO(1, p + N) invariant generalization of the
Nambu-Goto action in d = p + 1 dimensional space-time. Analogous results are
obtained for an AdS p-brane with codimension N embedded in D dimensional AdS
space, yielding an SO(2, p+N) invariant version of the Nambu-Goto action in d = p+1
dimensional space-time. Attention is focused on a supersymmetric extension of the
D = 6 Minkowski space case with an embedded p = 3 brane; a particular realization
of which is provided by a non-BPS vortex. Here both the Nambu-Goto-Akulov-Volkov
action and its dual tensor form are presented.
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1 Brane Oscillations In Minkowski Space
The nonlinear realization of spontaneously broken space-time symmetries provides a
systematic method of obtaining dynamical properties of a lower dimensional probe
brane whose presence is responsible for the symmetry breakdown. In the case that
the bulk is D dimensional Minkowski space, the p-brane defect breaks the isometry
group from ISO(1, D− 1) down to that of the d = (1+ p) dimensional world volume
and its N = (D − d) dimensional complement, ISO(1, p)× SO(N). The long wave-
length modes of the p-brane are described by the Nambu-Goldstone bosons associated
with the collective coordinate translations transverse to the brane into the N dimen-
sional covolume. Indeed, the Nambu-Goto action governing the zero mode fields’
dynamics is readily obtained in a model independent way by nonlinearly realizing the
broken symmetries on the Nambu-Goldstone fields [1, 2]. The symmetry generators
of ISO(1, D−1) are the D dimensional translations PM and Lorentz transformations
MMN where M,N = 0, 1, . . . , p + N . For the case of a p-brane with codimension
N , the d dimensional world volume Poincare´ generators, P µ for space-time trans-
lations and Mµν for Lorentz rotations, with µ, ν = 0, 1, . . . , p, form an unbroken
subgroup ISO(1, p) of the D dimensional Poincare´ group ISO(1, D−1). In addition,
the rotations in the N dimensional covolume with generators T ij = Mp+i,p+j, where
i, j = 1, 2, . . .N , form an unbroken subgroup SO(N). The broken symmetry charges
are the generators of translations transverse to the brane, denoted by Zi = −P p+i, and
the generators of the broken bulk Lorentz transformations, denoted by Kµi = 2M
p+i,µ.
The d dimensional Lorentz scalars Zi are in the fundamental (vector) representation
of the unbroken SO(N) subgroup. Likewise, the d dimensional Lorentz vector Kµi is
also a SO(N) vector. The explicit form of the charge algebra is given in [3] and can
be found as the Minkowski limit of the AdS algebra of equations (2.1)-(2.4).
The D dimensional Poincare´ group of transformations can be realized by group
elements acting on the ISO(1, D − 1)/SO(1, p)× SO(N) coset element Ω which is
constructed from the P µ, Zi, K
µ
i charges as
Ω(x) ≡ eixµPµeiφi(x)Zieivµi (x)Kiµ . (1.1)
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Here xµ are the d dimensional world volume space-time coordinates of the p-brane in
the static gauge, while φi(x) and vµi (x) are the collective coordinate Nambu-Goldstone
bosons associated with the broken D dimensional Poincare´ symmetries and corre-
spond to the massless excitation modes of the brane. Left multiplication of the coset
elements Ω by an ISO(1, D− 1) group element g, which is specified by global trans-
formation parameters ǫµ, zi, bµi , λ
µν , θij , so that
g(x) = eiǫ
µPµeiz
iZieib
µ
i
Kiµe
i
2
λµνMµνe
i
2
θijTij , (1.2)
results in transformations of the space-time coordinates and the Nambu-Goldstone
fields according to the general form [1]
g(x)Ω(x) = Ω′(x′)h(x). (1.3)
The transformed coset element, Ω′(x′), is a function of the transformed world volume
coordinates and the total variations of the fields
Ω′(x′) = eix
′µPµeiφ
′i(x′)Zieiv
′µ
i
(x′)Kiµ , (1.4)
while h(x) is a field dependent element of the stability group SO(1, p)× SO(N):
h(x) = e
i
2
αµν(x)Mµνe
i
2
βij(x)T ij . (1.5)
Exploiting the algebra of the ISO(1, D − 1) charges, along with extensive use
of the Baker-Campbell-Hausdorff formulae, the ISO(1, D − 1) transformations are
obtained for infinitesimal transformation parameters as
x′µ = (ηµν − λµν)xν + ǫµ + 2bµi φi(x)
φ′i(x
′) = (δij + θij)φ
j(x) + zi + 2b
µ
i xµ
v′µi (x
′) = (ηµν − λµν)(δij + θij)vνj(x)− bνjM jρνk(x)
(
coth
√
M(x)
)kµ
ρi
αµν(x) = λµν − 4bλj [M−1/2(x)]jρλk
3
{(
tanh
√
M(x)/4
)kµ
ρi
vνi (x)−
(
tanh
√
M(x)/4
)kν
ρi
vµi (x)
}
βij(x) = θ
ij − 4bλl [M−1/2(x)]lρλk{(
tanh
√
M(x)/4
)kµ
ρj
vµi(x)−
(
tanh
√
M(x)/4
)kµ
ρi
vµj(x)
}
, (1.6)
where the matrix M is defined as
Mµνij = 4
(
ηµνUij − 2vµj vνi +W µνδij
)
, (1.7)
with
Uij = v
µ
i ηµνv
ν
j
W µν = vµi δ
ijvνj (1.8)
and ηµν is the d dimensional Minkowski space metric tensor with signature (+1,−1, . . . ,−1).
In the above, the space-time indices are raised, lowered and contracted using ηµν while
the Kronecker δij is similarly used for the SO(N) indices. Both Nambu-Goldstone
fields φi and vµi transform inhomogeneously under the broken translations Z
i and
broken local Lorentz transformations Kµi .
The nonlinearly realized ISO(1, D − 1) transformations induce a coordinate and
field dependent general coordinate transformation of the world volume space-time
coordinates. From the xµ coordinate transformation given above, the general coordi-
nate Einstein transformation for the world volume space-time coordinate differentials
is given by
dx′µ = dxνG µν (x), (1.9)
with G µν (x) = ∂x
′µ/∂xν . The ISO(1, D − 1) invariant interval can be formed using
the metric tensor gµν(x) so that ds
2 = dxµgµν(x)dx
ν = ds′2 = dx′µg′µν(x
′)dx′ν where
the metric tensor transforms as
g′µν(x
′) = G−1ρµ (x)gρσ(x)G
−1σ
ν (x). (1.10)
The form of the vielbein (and hence the metric tensor) as well as the ISO(1, D−1)
covariant derivatives of the Nambu-Goldstone boson fields and the spin and SO(N)
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connections can be extracted from the Maurer-Cartan one-form, Ω−1dΩ, which can
be expanded in terms of the generators as
ω(x) = Ω−1dΩ = i
(
ωmPm + ωZiZ
i + ωmKiKim +
1
2
ωmnM Mmn +
1
2
ωijT Tij
)
. (1.11)
Here Latin indices m,n = 0, 1, . . . , p, are used to distinguish tangent space induced
local Lorentz transformation properties from world volume Einstein transformation
properties which are denoted using Greek indices. In what follows, Latin indices
are raised and lowered with use of the Minkowski metric tensors, ηmn and ηmn, while
Greek indices are raised and lowered with use of the induced space-time metric tensors,
gµν and gµν .
Using the transformation property of the coset element, equation (1.3), the Maurer-
Cartan one-form transforms according to
ω′(x′) = h(x)ω(x)h−1(x) + h(x)dh−1(x), (1.12)
with h(x) = e
i
2
[αmn(x)Mmn+βij(x)Tij ] as given in Eqs. (1.5) and (1.6). Expanding in
terms of the D dimensional Poincare´ charges, the individual one-forms transform
according to their local Lorentz and SO(N) nature so that
ω′m(x′) = ωn(x)Λ mn (α(x))
ω′Zi(x
′) = Rij(β(x))ωZj(x)
ω′mKi(x
′) = Rij(β(x))ω
n
Kj(x)Λ
m
n (α(x))
ω′mnM (x
′) = ωrsM(x)Λ
m
r (α(x))Λ
n
s (α(x))− dαmn(x)
ω′T ij(x
′) = Rik(β(x))Rjl(β(x))ωTkl(x)− dβij(x). (1.13)
For infinitesimal transformations, the local Lorentz transformations are Λ mn (α(x)) =
δ mn + α
m
n (x) and the local SO(N) transformations are Rij(β(x)) = δij + βij(x).
Using the Feynman formula for the variation of an exponential operator in con-
junction with the Baker-Campell-Hausdorff formulae, the individual world volume
one-forms appearing in the above decomposition of the covariant Maurer-Cartan one-
form are secured as
ωm = dxµe mµ = dx
µ
{
δ mµ + vµj
(
U−1/2(cosh
√
4U − 1)U−1/2
)
ji
vmi
5
−∂µφj
(
U−1/2 sinh
√
4U
)
ji
vmi
}
ωZi = dx
µωZiµ
= dxµ
(
cosh
√
4U
)
ij
{
∂µφj −
(
U−1/2 tanh
√
4U
)
jk
vkµ
}
ωmKi = dx
µωmKiµ
= dxµ(∂µv
n
j )
(
sinh
√
MM−1/2
)jm
ni
ωmnM = dx
µωmnMµ
= −4dxµ(∂µvri )
{[(
cosh
√
M − 1
)
M−1
]im
rj
vnj −
[(
cosh
√
M − 1
)
M−1
]in
rj
vmj
}
ωT ij = dx
µωT ijµ
= −4dxµ(∂µvml )
{[(
cosh
√
M − 1
)
M−1
]ln
mj
vni −
[(
cosh
√
M − 1
)
M−1
]ln
mi
vnj
}
.
(1.14)
The covariant coordinate differential ωm is related to the world volume coordinate
differential dxµ by the vielbein, e mµ , as ω
m = dxµe mµ .
The vielbein transforms as e′mµ (x
′) = G−1νµ (x)e
n
ν (x)Λ
m
n (α(x)). Since the Jacobian
of the xµ → x′µ transformation is simply
ddx′ = ddx detG, (1.15)
it follows that ddx′ det e′(x′) = ddx det e(x) since det Λ = 1. Thus an ISO(1, D− 1)
invariant action [4] for the Nambu-Goto fields is constructed as
Γ = −σ
∫
ddx det e(x), (1.16)
with σ the brane tension.
As seen from the expression for the vielbein, the action does not contain any
derivatives of the vector field viµ. Its equation of motion implies the covariant con-
straint of the inverse Higgs mechanism [5], ωZi = 0. This allows v
i
µ to be expressed
in terms of ∂µφ
i
∂µφ
i =
(
U−1/2 tanh
√
4U
)
ij
vjµ. (1.17)
Applying this to the vielbein gives
e mµ = δ
m
µ + ∂µφ
iGij∂
mφj , (1.18)
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where
Gij ≡ H−1/2ik
[√
(1−H)− 1
]
kl
H
−1/2
lj (1.19)
is an SO(N) symmetric matrix with
Hij ≡ ∂µφi∂µφj. (1.20)
This in turn yields the Nambu-Goto form of the ISO(1, D − 1) invariant action for
the Nambu-Goldstone fields φi as
Γ = −σ
∫
ddx det e
= −σ
∫
ddx
√
det (δij − ∂µφi∂µφj). (1.21)
The form of this action can also be secured by considering the ISO(1, D− 1) in-
variant interval inD dimensional Minkowski space with coordinatesXM = (xµ, φi(x))
which reads
ds2 = dXMηMNdX
N = dxµηµνdx
ν − dφi(x)δijdφj(x), (1.22)
where the static gauge coordinate oscillations of the p-brane into the covolume are
identified with the N Nambu-Goldstone fields φi(x). This induces a metric gµν on
the world volume as
ds2 = dxµ
[
ηµν − ∂µφiδij∂νφj
]
dxν = dxµgµνdx
ν . (1.23)
Consequently, the ISO(1, D− 1) invariant action is again given as in equation (1.21)
takes the form
Γ = −σ
∫
ddx
√
(−1)p det g.. = −σ
∫
ddx
√
det (δij − ∂µφi∂µφj). (1.24)
The induced Nambu-Goto vielbein e mµ is just the one given in (1.18) which produces
the metric in equation (1.23), gµν = e
m
µ ηmne
n
ν .
2 Probe Branes In AdS Space
Embedding a AdSd probe brane in AdSD space breaks the SO(2, D − 1) symmetry
of the AdSD bulk space down to the SO(2, d− 1) isometry group of the AdSd world
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volume and its complement: SO(2, p)× SO(N). The SO(2, D− 1) isometries of the
AdSD bulk space are generated by the D dimensional (pseudo-) translation operators,
denoted by PM, and the Lorentz transformations, MMN , M,N = 0, 1, . . . , p + N ,
collectively satisfying the algebra [6]
[
MMN ,MRS
]
= −i
(
ηMRMNS − ηMSMNR + ηNSMMR − ηNRMMS
)
[
MMN , PL
]
= i
(
PMηNL − PNηML
)
[
PM, PN
]
= −im2MMN . (2.1)
Here m2 > 0 is a constant inverse squared length scale characterizing the AdS bulk
space as well as the AdS world volume. The Minkowski space case with symmetry
breaking pattern ISO(1, D − 1) → ISO(1, d − 1) is secured as the m2 = 0 limit.
For an AdS p-brane with codimension N , the d dimensional world volume symmetry
generators, P µ for (pseudo-) translations and Mµν for Lorentz rotations, with µ, ν =
0, 1, . . . , p, form an unbroken subgroup SO(2, p) of theD dimensional AdSD symmetry
group SO(2, D − 1). The specific case with one codimension, N = 1, was discussed
in [6]. The N dimensional covolume rotation generators, T ij = Mp+i,p+j, where
i, j = 1, 2, . . .N , form an unbroken subgroup SO(N). The broken symmetry charges
are the generators of (pseudo-) translations transverse to the brane, denoted by Zi =
−P p+i, and the generators of the broken bulk Lorentz transformations, denoted by
Kµi = 2M
p+i,µ. Both the d dimensional Lorentz scalars Zi and the d dimensional
Lorentz vector Kµi transform according to the fundamental (vector) representation
of the unbroken SO(N) subgroup. The unbroken generators of the SO(2, D − 1)
algebra, (c.f. equation (2.1)), satsify
[Mµν ,Mρσ] = −i (ηµρMνσ − ηµσMνρ + ηνσMµρ − ηνρMµσ)[
Mµν , P λ
]
= i
(
P µηνλ − P νηµλ
)
[P µ, P ν ] = −im2Mµν[
T ij , T kl
]
= i
(
δikT jl − δilT jk + δjlT ik − δjkT il
)
[
P µ, T ij
]
= 0 =
[
Mµν , T ij
]
, (2.2)
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while the broken generators carry representations of the unbroken symmetries and
rotate the unbroken into broken charges as
[Mµν , Zi] = 0
[
Mµν , Kλi
]
= i
(
Kµi η
νλ −Kνi ηµλ
)
[T ij, Zk] = −i
(
Ziδ
jk − Zjδik
) [
T ij, Kµk
]
= −i
(
Kµiδjk −Kµjδik
)
[P µ, Zi] = − i2m2Kµi [Kµi , P ν ] = −2iηµνZi.
(2.3)
Finally, the commutation relations between broken generators take the form
[Zi, Zj] = −im2T ij[
Kµi , K
ν
j
]
= 4i
(
δijM
µν − ηµνT ij
)
[Kµi , Zj] = −2iδijP µ. (2.4)
These results are instrumental in deriving the SO(2, D−1) invariant action describing
the motion of the AdSd probe brane in AdSD space which will be obtained using three
different constructions. In section (2.1) the coset method is used, while in (2.2) an
embedding method is employed. Finally in section (2.3) the action is obtained through
a hybrid of these two methods.
2.1 Coset method
The invariant action of the Nambu-Goldstone fields along with their SO(2, D − 1)
transformations and those of the coordinates can be obtained using coset methods.
Parametrizing a coset element as
Ω(x) ≡ eixµPµeiφi(x)Zieivµi (x)Kiµ (2.5)
and expanding the Maurer-Cartan one-form as in equation (1.11), the veilbein ωm =
dxµe mµ and the SO(2, D−1) covariant derivative of φi, ωiZ = dxµ∇µφi, are extracted
as
e mµ = cosh
√
m2φ2 e¯ nµ
{
δ mn + vin
[
U−1/2
(
cosh
√
4U − 1
)
U−1/2
]
ij
vmj
−Dmφi
(
U−1/2 sinh
√
4U
)
ij
vmj
}
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∇µφi = − cosh
√
m2φ2 e¯ nµ
{(
U−1/2 sinh
√
4U
)
ij
vnj +Dnφj(cosh
√
4U)ji
}
.
(2.6)
Here e¯ mµ is the AdSd background vielbein [6] defined as
e¯ mµ (x) =
sin
√
m2x2√
m2x2
P mTµ (x) + P
m
Lµ (x), (2.7)
and the transverse and longitudinal projectors for xµ are
PTµν(x) = ηµν − xµxν
x2
PLµν(x) =
xµxν
x2
. (2.8)
The partially covariant derivative Dmφi is defined as
Dmφi = e−A(φ)e¯ ij e¯−1µm ∂µφj , (2.9)
where A(φ) = ln cosh
√
m2φ2 is the warp factor with φ2 = φiφi. In addition, e¯ ji , which
is identified in section (2.3) as the Euclidean AdSN background covolume vielbein,
takes the form
e¯ij =
sinh
√
m2φ2√
m2φ2
PT ij(φ) + PLij(φ), (2.10)
where the transverse and longitudinal projectors for φi are
PT ij(φ) = δij − φiφj
φ2
PLij(φ) =
φiφj
φ2
. (2.11)
An SO(2, D− 1) invariant action is then constructed as
Γ = −σ
∫
ddx det e . (2.12)
Since this action is independent of vim space-time derivatives, the v
i
m field equation
takes the form of the constraint ∇φi = 0 and allows the non-propagating vim degrees
of freedom to be eliminated in terms of the partially covariant derivative of φi as
Dmφi =
(
U−1/2 tanh
√
4U
)
ij
vjm. (2.13)
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Using equation (2.13) in the expression for the vielbein e mµ , c.f. equation (2.6), then
gives the factorized form of the vielbein
e mµ (x) = e
A(φ)e¯ nµ (x)N
m
n (x)
= cosh
√
m2φ2 e¯ nµ
[
δ mn +Dnφi(x)GijDmφj(x)
]
, (2.14)
where the Nambu-Goto vielbein, N mn , is given by
N mn (x) = δ
m
n +Dnφi(x)GijDmφj(x), (2.15)
and, as before, the warped SO(N) matrix Gij is
Gij = H
−1/2
ik
[√
(1−H)− 1
]
kl
(H−1/2)lj, (2.16)
but now with Hij defined in terms of the partially covariant derivatives as
Hij = Drφi(x)ηrsDsφj(x). (2.17)
Hence the SO(2, D− 1) invariant action for the AdSd p-brane takes the form
Γ = −σ
∫
ddx det e¯ coshd
√
(m2φ2)
√
det [δij −DmφiηmnDnφj]. (2.18)
2.2 Embedding method
Alternatively, the embedding of the probe brane in the AdSD space can be imple-
mented by picking specific coordinates with which to describe the AdSd and covolume
subspaces. The AdSD space can be simply described as the SO(2, D − 1) invariant
hyperboloidal hypersurface
1
m2
= X20 −X21 −X22 − · · · −X2D−1 +X2D = XMηˆMNXN , (2.19)
embedded in a (D + 1)-dimensional pseudo-Euclidean space defined with invariant
interval
ds2 = dXMηˆMNdX
N (2.20)
characterized by the metric tensor ηˆMN of signature (+1,−1,−1, . . . ,−1,+1), where
hereM,N = 0, 1, . . . , D−1, D andXM are the pseudo-Euclidean space homogeneous
coordinates.
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AdSD space containing an AdSd p-brane, which is a d dimensional world volume
with an AdS metric embedded as a hypersurface at the covolume coordinates Xp+i =
0 for i = 1, 2, . . . , N , can be described by the coordinates XM = (Xµ, Xp+i, XD) with
isotropic AdSd coordinates X
µ and covolume direction cosine coordinates Xp+i
Xµ = a(x2)xµ cosh
√
(m2φ2) : µ = 0, 1, ..., p
Xp+i =
1
m
φi√
φ2
sinh
√
(m2φ2) : i = 1, 2, . . . , N
XD =
1
m
b(x2) cosh
√
(m2φ2). (2.21)
Here xµ are the intrinsic coordinates of the AdSd world volume and the φ
i are the
covolume coordinates. To satisfy the equation (2.19) of the AdSD hyperbola, a(x
2)
and b(x2) are related as
1 = m2x2a2(x2) + b2(x2). (2.22)
Hence the SO(2, D− 1) invariant interval, equation (2.20), becomes
ds2 = e2A(r)ds¯2 − dr2, (2.23)
where the warp factor is A(φ) = ln cosh
√
(m2φ2) and ds¯2 = dxµg¯µν(x)dx
ν is the AdSd
invariant interval with g¯µν the AdSd metric tensor to be given below. The interval on
the covolume is found to be
dr2 = dφig¯ijdφ
j, (2.24)
where the metric g¯ij is found to be
g¯ij = e¯
k
i δkle¯
l
j =
sinh2
√
(m2φ2)
m2φ2
PT ij(φ) + PLij(φ), (2.25)
with the transverse and longitudinal projectors for φi defined as in equation (2.11).
The AdSd subspace has the isotropic coordinates x
µ of an SO(2, p) invariant hy-
perboloid, 1
m2
= X20 − X21 − · · · − X2p + X2D, embedded at φi = 0 = Xp+i. This
subsurface maintains the coordinate relation equation (2.22). This in turn leads to a
form for the AdSd metric tensor given by
g¯µν(x) = a
2(x2)PTµν(x) +


(
a(x2) + 2x2
da(x2)
dx2
)2
+ 4
x2
m2
(
db(x2)
dx2
)2PLµν(x)
12
= a2(x2)PTµν(x) +
(
a(x2) + 2x2 da(x
2)
dx2
)2
(1−m2x2a2(x2)) PLµν . (2.26)
With the specific choice of parameters
a(x2) =
sin
√
m2x2√
m2x2
b(x2) = cos
√
m2x2, (2.27)
the AdSd background vielbein, equation (2.7), and metric are obtained in the same
coordinate system as implied by the coset method in section (2.1). The induced
metric on the probe brane’s world volume, gµν , with SO(2, D− 1) isometries follows
from
ds2 = dxµgµνdx
ν = dxµ
[
e2A(φ)g¯µν − ∂µφig¯ij∂νφj
]
dxν , (2.28)
and the SO(2, D− 1) invariant action is therefore given by
Γ = −σ
∫
ddx
√
(−1)p det g , (2.29)
in agreement with equation (2.18).
2.3 Hybrid method
The SO(2, D − 1) isometry group of AdSD space contains as subgroups SO(2, p),
generated by Mµν and P µ, and SO(1, N), generated by T ij and Z i, which are the
isometry groups of an AdSd subspace and its Euclidean AdSN covolume, repectively.
Below, the coset method is used to obtain the background metric and invariant inter-
val in each of these two subspaces. With the introduction of a warp factor, the two
intervals are combined to construct an SO(2, D − 1) invariant interval. The embed-
ding method is then employed to obtain the SO(2, D) invariant action for the AdSd
probe brane.
The background vielbein and spin connection of the AdSd world volume can be
found by considering the Maurer-Cartan one form made from just the (pseudo-)
translation SO(2, p)/SO(1, p) coset element
Ω¯ = eix
mPm . (2.30)
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The AdSd covariant coordinate differential, ω¯
m, and spin connection, ω¯mnM are obtained
from the AdSd coordinate one-form
ω¯ = Ω¯−1dΩ¯
= i [ω¯mPm + ω¯
mn
M Mmn] , (2.31)
where
ω¯m =
sin
√
m2x2√
m2x2
PmnT (x)dxn + P
mn
L (x)dxn
ω¯mnM =
[
cos
√
m2x2 − 1
] (xmdxn − xndxm)
x2
, (2.32)
with the transverse and longitudinal projectors for xµ defined as in equation (2.8).
The differential ω¯m is related to the xµ world volume coordinate differential via the
AdSd background vielbein e¯
m
µ (x) as
ω¯m = dxµe¯ mµ (x). (2.33)
Using equation (2.32) along with d = dxµ∂xµ, the vielbein presented in equation (2.7)
is obtained.
Likewise, the vielbein and hence metric for the covolume Euclidean AdSN space
can be obtained by considering the Maurer-Cartan one form made from just the
broken (pseudo-) translation SO(1, N)/SO(N) coset element, φi being the covolume
coordinates,
Ω¯ = eiφ
iZi. (2.34)
The covolume covariant coordinate differential, ω¯i, is obtained from the one-form
ω¯ = Ω¯
−1
dΩ¯ = i
[
ω¯iZi +
1
2
ω¯ijT Tij
]
, (2.35)
where
ω¯i = dφj e¯ ij
ω¯ijT =
[
cosh
√
m2φ2 − 1
]
(φidφj − φjdφi)
φ2
, (2.36)
with the covolume vielbein e¯ ij given in equation (2.10).
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In order to obtain the SO(2, D − 1) invariant action for the probe p-brane most
directly, consider the SO(2, D − 1) invariant interval in D dimensional AdS space
with coordinates XM = (xµ, φi)
ds2 = dXMg¯MNdX
N = e2A(φ)ds¯2 − dr2, (2.37)
where the warp factor A(φ) = ln cosh
√
(m2φ2) is introduced and ds¯2 = dxµg¯µν(x)dx
ν
is the AdSd invariant interval with g¯µν the AdSd world volume metric tensor, g¯µν =
e¯ mµ ηmne¯
n
ν . Similarly, dr
2 = dφig¯ijdφ
j is the invariant interval for the Euclidean AdSN
covolume with metric given by g¯ij = e¯
k
i δkle¯
l
j .
The static gauge coordinate motions of the p-brane into the covolume are identified
with N Nambu-Goldstone fields φi(x). The induced metric on the probe brane’s world
volume, gµν , with SO(2, D − 1) isometries follows from
ds2 = dxµgµνdx
ν = dxµ
[
e2A(φ)g¯µν − ∂µφig¯ij∂νφj
]
dxν , (2.38)
and the SO(2, D− 1) invariant action is therefore given by
Γ = −σ
∫
ddx
√
(−1)p det g . (2.39)
The induced metric, equation (2.38), can be factorized into the product of warped
background vielbeine, eAe¯ mµ , and the Nambu-Goto metric, nmn, for the Nambu-
Goldstone fields
gµν =
(
eA(φ)e¯ mµ
)
nmn
(
eA(φ)e¯ nν
)
, (2.40)
where
nmn = ηmn −Dmφi(x)δijDnφj(x), (2.41)
with the partially covariant derivative Dmφi = Dijmφj defined as in equation (2.9).
With these definitions, the SO(2, D− 1) invariant action (2.39) becomes
Γ = −σ
∫
ddx det e¯ edA(φ)
√
(−1)p detn. (2.42)
The determinant of the Nambu-Goto metric in turn can be expressed in terms of the
determinant of a SO(N) matrix
detn = (−1)p det
[
δij −DmφiηmnDnφj
]
. (2.43)
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This yields the AdSd probe p-brane SO(2, D− 1) invariant action in the form
Γ = −σ
∫
ddx det e¯ coshd
√
(m2φ2)
√
det [δij −DmφiηmnDnφj ], (2.44)
as obtained in equations (2.18) and (2.29).
3 A Non-BPS Vortex In D = 6, N = (1, 0) Superspace
The formation of a non-BPS vortex in six dimensional superspace completely breaks
the supersymmetry as well as two of the space translation symmetries. Such a non-
BPS vortex appears, for instance, in a supersymmetric gauge theory with adjoint
Higgs fields (hypermultiplets) (see e.g. [7]). The oscillations of the vortex into super-
space is described by two Nambu-Goldstone bosons and four Goldstinos. The case
of a BPS vortex with partial supersymmetry breaking in the Abelian Higgs model
was discussed in [8], while coset methods were used to construct effective actions
describing a non-BPS p = 2 brane embedded in D = 4, N = 1 superspace in [9] and
a non-BPS p = 3 brane embedded in D = 5, N = 1 superpace in [10]. In general,
D = 6, N = (1, 1) superspace has eight supersymmetries with the associated eight
component complex (Dirac) spinor supersymmetry charges Qa ; a, b = 1 . . . 8 and
Q¯ ≡ Q†Γ0. The non-vanishing (anti-) commutation relations are
{
Qa, Q¯b
}
= 2ΓMbb PM[
MMN ,Qa
]
= −1
2
ΓMN ba Qb[
MMN , Q¯b
]
=
1
2
Q¯aΓMN ba . (3.1)
The number of complex supersymmetry generators can be reduced from eight to four
using left and right Weyl projectors defined as
PL ≡ 1
2
(1− Γ∗)
PR ≡ 1
2
(1 + Γ∗), (3.2)
with Γ∗ = −Γ0Γ1Γ2Γ3Γ4Γ5. The resulting (1, 0) D = 6 supersymmetry algebra is
obtained by constraining the supersymmetry generators to satisfy QL = PLQ and
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hence PRQL = 0 so that the supersymmetry charges obey the algebra
{
QLa, Q¯bL
}
= 2P cLa ΓMbc PM[
MMN ,QLa
]
= −1
2
ΓMN ba QLb[
MMN , Q¯bL
]
=
1
2
Q¯aLΓMN ba , (3.3)
while remaining non-trivial commutators form the Poincare´ algebra
[
MMN ,MRS
]
= −i
(
ηMRMNS − ηMSMNR + ηNSMMR − ηNRMMS
)
[
MMN , PL
]
= i
(
PMηNL − PNηML
)
. (3.4)
With the formation of the non-BPS vortex [7] in this D = 6, N = (1, 0) su-
perspace, the resulting world volume is just d = 4 Minkowski space with a bosonic
codimension N=2. Thus the isometry group of the target superspace is broken by
the vortex to the Poincare´ group of d = 4 space-time which is ISO(1, 3). As such,
all symmetry charges can be expressed in terms of their SO(1, 3) Lorentz group and
SO(2) covolume rotation group representation content. The bosonic charges are given
as in the previous sections now with i = 1, 2 for the SO(2) covolume rotation indices
so that the T ij = 1
2
ǫijT obey the algebra of equations (2.1)-(2.4) with m2 = 0. The
supersymmetry charges form two complex d = 4 Weyl spinors denoted by Qα, Sα
and their complex conjugates Q¯α˙ and S¯α˙. The left handed Weyl projection of the
D = 6 spinor of supersymmetry charges, QLa, contains Qα and S¯α˙, while the conju-
gate spinor Q¯aL contains the charges Sα and Q¯α˙. The D = 6 supersymmetry algebra is
then given by the centrally extended d = 4, N = 2 SUSY algebra with non-vanishing
commutators
{Qα, Q¯α˙} = 2σµαα˙Pµ
{Sα, S¯α˙} = 2σµαα˙Pµ
{Qα, Sβ} = −2iZδ βα
{Q¯α˙, S¯ β˙} = 2iZ¯δ β˙α˙
[Mµν , Qα] = −1
2
σµνβα Qβ
[Mµν , Sα] = −1
2
σµνβα Sβ
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[Mµν , Q¯α˙] = σ¯µνα˙
β˙
Q¯β˙
[Mµν , S¯α˙] = σ¯µνα˙
β˙
S¯ β˙
[T,Qα] = −Qα
[T, Sα] = −Sα
[T, Q¯α˙] = Q¯α˙
[T, S¯α˙] = S¯α˙
[K¯µ, Qα] = −2σµαα˙S¯α˙
[Kµ, Q¯α˙] = 2σ¯µα˙αSα
[K¯µ, Sα] = −2σµαα˙Q¯α˙
[Kµ, S¯α˙] = 2σ¯µα˙αQα , (3.5)
where we have defined Z = Z1 − iZ2 , Z¯ = Z1 + iZ2 , Kµ = K1µ − iK2µ , K¯µ =
K1µ + iK2µ.
Denoting the D = 6, N = (1, 0) super-Poincare´ group by G and the d = 4
Poincare´ stability group ISO(1, 3) by H , all symmetry transformations can be real-
ized by group elements in G acting on the G/H coset element Ω formed from the
P µ, Zi, K
µ
i , Qα, Q¯
α˙, Sα, S¯
α˙ charges as
Ω(x) ≡ eixµPµeiφi(x)Ziei[θ(x)αQα+θ¯α˙(x)Q¯α˙+λ(x)αSα+λ¯α˙(x)S¯α˙]eivµi (x)Kiµ , (3.6)
where xµ are the four dimensional Minkowski space world volume coordinates, φi(x)
and vµi (x) are the collective coordinate Nambu-Goldstone bosons associated with the
broken D dimensional Poincare´ symmetries and θα(x), θ¯
α˙(x), λα(x), λ¯
α˙(x) are the
Goldstinos associated with the broken supersymmetries. Collectively, these fields
describe the motion of the vortex into the superspace covolume. Using the Maurer-
Cartan one-forms, the covariant coordinate differentials and the covariant derivatives
of all of the Nambu-Goldstone fields can be extracted. Expanding the Maurer-Cartan
one-form in terms of the generators as
ω(x) = Ω−1dΩ = i
[
ωmPm + ωZiZ
i + ωαQQα + ωQ¯α˙Q¯
α˙ + ωαSSα + ωS¯α˙S¯
α˙
+ωmKiKim +
1
2
ωmnM Mmn +
1
2
ωijT Tij
]
, (3.7)
yields the vierbein and the covariant derivative of the Nambu-Goldstone bosons φi as
ωm = dxµe mµ
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= dXnN mn
ωZi = dx
µ∇µφi
= dXm
[
∇mΦj(cosh
√
4U ji − vjm(U−1/2 sinh
√
4U)ji
]
. (3.8)
Here dXm = dxµeˆ mµ is the Akulov-Volkov coordinate differential with eˆ
m
µ the Akulov-
Volkov vierbein
eˆ mµ = δ
m
µ − i
[
θσm
↔
∂µ θ¯ + λσ
m
↔
∂µ λ¯
]
(3.9)
and Dm = eˆ−1µm ∂µ the SUSY covariant derivative. The Nambu-Goto vierbein N mn is
obtained as
N mn = δ
m
n + v
i
m
[
U−1/2(cosh
√
4U − 1)U−1/2
]
ij
vjm
−∇mΦi
[
U−1/2 sinh
√
4U
]
ij
vjm, (3.10)
where the Nambu-Goldstone boson differentials dΦi = dXm∇mΦi are 6
dΦ1 = dφ1 +
[
(λdθ − θdλ) + (λ¯dθ¯ − θ¯dλ¯)
]
dΦ2 = dφ2 − i
[
(λdθ − θdλ)− (λ¯dθ¯ − θ¯dλ¯)
]
. (3.11)
The invariant action describing the motion of the 3-brane vortex into the super-
space covolume is given by the invariant synthesis of the Akulov-Volkov and Nambu-
Goto actions as
Γ = −σ
∫
d4x det e = −σ
∫
d4x det eˆ detN, (3.12)
with σ the brane tension. Since the action is independent of viµ derivatives, this field
is nondynamical and it can be eliminated using its field equation, or equivalently the
inverse Higgs mechanism. So doing yields the covariant constraint ωZi = 0 which
allows viµ to be eliminated in terms of ∇mΦi as
∇mΦi =
[
U−1/2 tanh
√
4U
]
ij
vjm. (3.13)
Substituting this into the Nambu-Goto vierbein eliminates viµ from N
m
n giving
N mn = δ
m
n +∇nΦiGij∇mΦj , (3.14)
6The analogous expression in the case of a codimension 1, p=3 brane embedded in D = 5, N = 1
superspace given in reference [10] should be amended to a similar form replacing ∂µ(θλ − θ¯λ¯) with
(θ
↔
∂ µ λ− θ¯
↔
∂ µ λ¯).
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where now the SO(2) matrix Gij (recall equation (1.19)) is given in terms of the
SUSY covariant derivatives of Φ as
Gij = H
−1/2
ik
[√
(1−H)− 1
]
kl
H
−1/2
lj , (3.15)
with Hij (recall equation (1.20)) expressed as
Hij ≡ ∇mΦi∇mΦj . (3.16)
Hence the determinant of the Nambu-Goto vierbein becomes
detN = det
√
(1−H) = det
√
(δij −∇mΦiηmn∇nΦj) , (3.17)
which after exploiting the 2× 2 nature of the H matrices takes the form
detN =
√
(1− Tr[H ] + detH) =
√
(1− Tr[∇mΦi∇mΦj ] + det∇mΦi∇mΦj). (3.18)
Thus the final form of the Akulov-Volkov-Nambu-Goto invariant action describing
the covolume oscillations of a non-BPS vortex embedded in D = 6, N = (1, 0)
superspace is secured as
Γ = −σ
∫
d4x det eˆ det
√
(δij −∇mΦiηmn∇nΦj)
= −σ
∫
d4x det eˆ
√
(1− Tr[∇mΦi∇mΦj ] + det∇mΦi∇mΦj)
= −σ
∫
d4x det eˆ
√(
1−∇mΦi∇mΦi + 1
2
ǫijǫkl∇mΦi∇mΦk∇nΦj∇nΦl
)
.
(3.19)
The Akulov-Volkov vierbein eˆ mµ is given by equation (3.9) and the SUSY covariant
derivatives of the Nambu-Goldstone boson fields are given by the differentials dΦi =
dXm∇mΦi where
∇mΦ1 = Dmφ1 + λ
↔Dm θ + λ¯
↔Dm θ¯
∇mΦ2 = Dmφ2 − iλ
↔Dm θ + iλ¯
↔Dm θ¯. (3.20)
The Nambu-Goldstone bosons can equivalently be described by tensor gauge fields
[11, 12, 13, 10]. The dual action which involves the replacement of one or both of the
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scalar fields by tensor fields can be constructed using Lagrange multipliers. For the
mixed scalar-tensor action, a Lagrange multiplier denoted by Lm is introduced and
used to define the vector lm = ∇mΦ2 so that the action (3.19) (with Φ1 relabeled as
ϕ) can then be written as
Γ = −σ
∫
d4x det eˆ
{√
1−∇µϕ∇µϕ− l2 + l2(∇ϕ)2 − (lµ∇µϕ)2 + Lµ(lµ −∇µΦ2)
}
.
(3.21)
The Φ2 equation of motion yields the identity
∂µ
(
det eˆ eˆ−1µm L
m
)
= 0 (3.22)
whose solution is
F µ = det eˆ eˆ−1µm L
m = ǫµνρσ∂νBρσ , (3.23)
where Bµν is the dual tensor gauge field. Recalling that
∇mΦ2 = eˆ−1µm
{
∂µφ
2 − iλ ↔∂µ θ + iλ¯
↔
∂µ θ¯
}
, (3.24)
Φ2 can be eliminated from the action by an integration by parts to yield
Γ = −σ
∫
d4x det eˆ
{√
1−∇µϕ∇µϕ− l2 + l2(∇ϕ)2 − (lµ∇µϕ)2
+Lµlµ + iL
meˆ−1µm (λ
↔
∂µ θ − λ¯
↔
∂µ θ¯)
}
. (3.25)
The lµ equation of motion
La =
[lm(1− (∇ϕ)2 + (l · ∇ϕ)∇mϕ]√
(1− (∇ϕ)2 − l2 + l2(∇ϕ)2 − (lµ∇µϕ)2)
, (3.26)
can then be used to eliminate the lµ field to obtain the mixed scalar field ϕ and tensor
field Lm = (1/ det eˆ)eˆ mµ ǫ
µνρσ∂νBρσ dual action [13]
Γ = −σ
∫
d4x det eˆ
{√
1−∇µϕ∇µϕ+ LmLm + (Lm∇mϕ)2
+iLmeˆ−1µm (λ
↔
∂µ θ − λ¯
↔
∂µ θ¯)
}
. (3.27)
Finally, the completely dual tensor gauge field action can be obtained by intro-
ducing another Lagrange multiplier Km to define the vector field km = ∇mϕ =
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eˆ−1µm [∂µφ
1 + (λ
↔
∂µ θ + λ¯
↔
∂µ θ¯)]. With these substitutions the action (3.27) can be
written as
Γ = −σ
∫
d4x det eˆ
{√
1− kmkm + LmLm − (Lmkm)2
+iLmeˆ−1µm (λ
↔
∂µ θ − λ¯
↔
∂µ θ¯) +K
m(km −∇mϕ)
}
. (3.28)
As previously, the ϕ field equation ∂µ[det eˆ eˆ
−1µ
m K
m] = 0 is solved in terms of the
second tensor gauge field giving
Gµ = det eˆ eˆ−1µm K
m = ǫµνρσ∂νCρσ. (3.29)
The scalar field ϕ can then be eliminated using integration by parts to obtain the
action
Γ = −σ
∫
d4x det eˆ
{√
1− kmkm + LmLm − (Lmkm)2 +Kmkm
+iLmeˆ−1µm (λ
↔
∂µ θ − λ¯
↔
∂µ θ¯)−Kmeˆ−1µm (λ
↔
∂µ θ + λ¯
↔
∂µ θ¯)
}
. (3.30)
Lastly, use of the km equation of motion
Km =
km + (Lnkn)L
m√
1− kmkm + LmLm − (Lmkm)2
(3.31)
allows the complete dual form of the action to be secured as
Γ = −σ
∫
d4x det eˆ
{√
(1 + L2)(1 +K2)− (L ·K)2
+iLmeˆ−1µm (λ
↔
∂µ θ − λ¯
↔
∂µ θ¯)−Kmeˆ−1µm (λ
↔
∂µ θ + λ¯
↔
∂µ θ¯)
}
. (3.32)
The SO(2) invariance of the action can be made more manifest by introducing
the notation
V m1 = K
m
V m2 = L
m
J1m = eˆ
−1µ
m (λ
↔
∂µ θ + λ¯
↔
∂µ θ¯)
J2m = eˆ
−1µ
m (λ
↔
∂µ θ − λ¯
↔
∂µ θ¯) (3.33)
in terms of which the action reads
Γ = −σ
∫
d4x det eˆ
{
det
√
(1 + V mi Vjm)− V mi Jmi
}
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= −σ
∫
d4x det eˆ


√
1 + V mi Vim +
1
2
ǫijǫkl(V mi Vkm)(V
n
j Vln)− V mi Jmi

 .(3.34)
Using the Akulov-Volkov vierbein to convert tangent space indices to world volume
indices and visa versa so that, for example, Jµi = eˆ
−1µ
m J
m
i , and introducing the Akulov-
Volkov metric gˆµν = eˆ
m
µ ηmneˆ
n
ν and the world volume tensor density fields F
µ
i =
det eˆ eˆ−1µm V
m
i so that Fiµ = (1/ det eˆ)gˆµνF
ν
i , the action takes the final form
Γ = −σ
∫
d4x
{√
− det gˆ
√
1 + FiµgˆµνFiν + det (FiµgˆµνFjν)− FiµJµi
}
= −σ
∫
d4x
{√
− det gˆ
√
det (1 + FiµgˆµνFjν)− FiµJµi
}
= −σ
∫
d4x
{√
− det [gˆµν + FiµFiν ]− FiµJµi
}
. (3.35)
If, in addition to translation symmetries, the presence of the vortex leads to the
spontaneous breakdown of various global internal symmetries, then the effective world
volume theory also contains the associated Nambu-Goldstone scalar fields, while the
dual theory is a function of the corresponding non-Abelian tensor gauge fields [12].
A vortex of this type occurs in supersymmetric U(NC) gauge theory with NF = NC
fundamental hypermultiplets in D = 4 [14] and also in its D = 6 [15] dimensional
generalization.
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